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Abstract 

The perturbative prepotential and the Kahler metric of the vector multiplets of 
the N=2 effective low-energy heterotic strings is calculated directly in N = 1 six- 
dimensional toroidal compactifications of the heterotic string vacua. This method 
provides the solution for the one loop correction to the N=2 vector multiplet pre- 
potential for compactifications of the heterotic string for any rank three and four 
models, as well for compactifications on K3 x T 2 . In addition, we complete previous 
calculations, derived from string amplitudes, by deriving the differential equation for 
the third derivative of the prepotential with respect of the usual complex structure 
U moduli of the T 2 torus. Moreover, we calculate the one loop prepotential, using 
its modular properties, for N=2 compactifications of the heterotic string exhibiting 
modular groups similar with those appearing in N=2 sectors of N=l orbifolds based 
on non-decomposable torus lattices and on N=2 supersymmetric Yang-Mills. 
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1. Introduction 

One of the most important aspects of string dualities involve comparisons of the effective 
actions between N = 2 compactifications of the ten dimensional heterotic string to lower 
dimensions and type II superstrings. A key future for testing these dualities is the use of 
prepotential, which describes the N = 2 effective low energy theory of vector multiplets in 
a general supergravity theory. 

Guidance in working, with the vector multiplet heterotic prepotential at the string 
theory level, comes form similar results from N = 2 supersymmetric Yang-Mills]]]]. At 
the level of iV = 2 supersymmetric SU(r + 1) Yang-Mills the quantum moduli space was 
associated p| with a particular genus r Riemann surface parametrized by r complex moduli 
and 2r periods (cepi, oe). When matter is not present it allows for generic values of the scalar 
field of the theory to be broken down to the Cartran sub-algebra and it is described from 
r N = 2 abelian vector supermultiplets. The theory is dominated from the behaviour of 
the holomorphic function J- (A), namely the prepotential. The supersymmetric non-linear 
a-model is described by the Kahler potential K(A,A) = Im{^^-A}, while the metric 
in its moduli space Im(r(A)) = Im{d 2 J-'/dA 2 } is connected to the complexified variable 
O e ff/n + 87ri(g~ff) = t(A). The metric is connectedQto the interpretation of the periods 7r 
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as an appropriate family of a meromorphic one-forms associated with A, 

cf D= fx, Q '=£a, t = £^. (1.2) 

Here, aij, form a basisQ of the homology cycles of the hyperelliptic curve which has the 
same moduli space as N = 2 supersymmetric Yang-Mills theory. This means that the metric 
on the moduli space of supersymmetric Yang-Mills is identified with the period matrix of 
the hyperelliptic curve. We have to notice that the gauge group is always abelian and the 
classical enhancement symmetry point is absent from the theory. Only the weak coupling 



1 a is the scalar component of the superfield A and can play the role of the Higgs field. 

2 The cycles a, (3 form a basis of the first homology group Hi(E g , Z) — Z 2g , where E g a Riemann si 

at genus g. The intersection of cycles in the canonical basis takes the form (ai, bj) = —(bj, en) = 5ij. 
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point is included in the theory, making perturbative calculations for supersymmetric Yang- 
Mills reliable only in this area of moduli space. The general picture emerging from the study 
of the supersymmetric Yang-Mills is that the vacuum expectation values of the Higgs fields 
break the theory to its maximal abelian subgroup. In addition, the exact theory is always 
in the Higgs phase missing the perturbative point where the non-abelian gauge symmetry 
is restored. 

Lets us now return in string theory to see, how the picture of supersymmetric Yang- 
Mills is modified and moreover, its connection to the prepotential and the one loop Kahler 
metric in N = 2 compactifications of the heterotic string. Various equivalences between 
the different theories have been proposed and the picture emerging is that the different 
string theories are expansions of a more fundamental theory around different points in the 
moduli space of string vacua. We mention string-string duality, where type IIA compactified 
on K 3 manifold with N = 4 supersymmetry has the same moduli space as the heterotic 
string on a T 4 torus |5l|, |52| , [53] , |54[ , f48| [50[| with N = 4 supersymmetry. Now the strong 
coupling of the heterotic string is mapped into the weak coupling of IIA. For N = 2 type 
IIB the string generalization of Seiberg-Witten's(SW) quantum theory is provided by the 
conifoldQ transitions of wrapped three-branesQ on Calabi-Yau spaces. Type IIB in ten 
dimensions admits extremal black holes solutions in the RR sector of the theory. They 
represent BPS saturated p-brane solitons. Compactification of type IIB on a Calabi-Yau 
space produces hP-' 1 ' + 1 supermultiplet moduli with +1 associated with the dilaton and 
^(2,1) vector multiplets. In addition, it gives the abelian gauge group U(l) h 2,1 +1 . In general 
special geometry^ applied to the compactification of type IIB on the Calabi-Yau space in 
four dimensions, requires that the scalar component Z and the prepotential F of the vector 
multiplets to be given by the period of the three form Q over the canonical homology cycles 
a/, hj as 

Z 7 = / Q, = f Q, I = l,...,hP> 1 \ (1.3) 



J ai OZj Jbi 

Here, Q is the holomorphic three form describing the complex structure of the Calabi- 



3 The exact effective low energy coupling constant for this theory have been calculated using mirror 
symmetry. 

4 The three brane of the type IIB can cndjlTj on the RR five-brane. 
5 See next section. 
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Yau space. BPS states are oc | — u^Zi + v^F^. The integers z> e , v m are the electric 
and magnetic charges of the threebrane wrapped around the three surfaces ai, &j. The 
appearance of a logarithmic singularity in the Kahler metric at the conifold point Z=0, 
involved in the compactification of type IIB on the Calabi-Yau space, is then identified [|40|1 
with the extremal three brane black hole becoming massless. In analogy with SW theory, 
the three-brane becomes massless when the associated cycles vanish. The appearance of the 
singularity, when the corresponding 3-cycles along the 3-surfaces vanish, is then identified 
with the existence |^0|] of a massless black hole solution in the metric of type IIB for the 
3-brane. However now, the singularity is not a weak coupling singularity but a strong 
coupling singularity. This is the analog of Seiberg-Witten appearance of the massless 
monopole singularity in type IIB. Here we have to remind that study of heterotic string 
theory, analog of Seiberg-Witten theory, nessessarily involves the calculation of the one 
loop prepotential and the one loop Kahler metric since effective gauge couplings in N=2 
sup er gravity f56fl depend on the moduli of the vector multiplets only. Later, in section five, 
we will derive the general equation describing the prepotential of N = 2 compactifications 
of a heterotic rank three model which has a dual pair, in the sence of ||38|| , described by a 
IIB model compactified on a Calabi-Yau. 

In this work we are interested, among the web of dualities, only in the proposal of 
|38| , [3l| which provided evidence for the exact nonperturbative equivalence of dual pairs, 
the heterotic string compactified on K3XT2, with IIA compactified on a Calabi-Yau three- 
fold. The proposal identifies the moduli spaces of heterotic string and its dual IIA as 
My eterotic = My A and M h H terotic = M ! h A , where the subscripts refer to vector multiplets 
and hypermultiplets respectively. In other words, for models which are dual pairs, the 
exact prepotential for the vector multiplets, including perturbative and non-perturbative 
corrections is calculated from the IIA side, where the tree level result is exact. On the con- 
trary, if we want to calculate the exact hypermultiplet prepotential this is calculated from 
the heterotic string on K3 x T 2 . This is exactly Strominger's proposal that the absence 
of neutral perturbative couplings between vector multiplets and hypermultiplets survives 
nonperturbative string effects. In this sence the complete prepotentials for the vector mul- 
tiplets for the two "different" theories match, including perturbative and non-perturbative 
corrections, and T het = T lIA . Compactification of the heterotic string on K3 x T2 and 
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of type IIA on a Calabi-Yau threefold produce models with N=2 supersymmetry in four 
dimensions. These models have been tested to be dual to each other, at the level of effec- 
tive theories, and for low numbers of ftA 1 ' 1 ) vector multiplet moduli|38|]. By using mirror 
symmetry, we can map the vector multiplet sector of IIA to its mirror type IIB /i (2,1) com- 
plex structure moduli space|. The procedure then concentrates in the comparison of the 
complex structure moduli effective theories, of type IIB, with N = 2 heterotic com- 



pactifications of rank three or four models f38|, 98]. In this sence, in type IIB the result for 
the effective gauge coupling oc log(Z) is exact to all orders of perturbation theory, since 
the dilaton in type IIB belongs to the hypermultiplet sector and are no couplings allowed 
between [ 116 ] vector multiplets and hypermultiplets. 

The singularity structure of the Calabi-Yau can help us to produce transitions between 
different vacua by changing the Hodge numbers of the manifold. Note, that for a Calabi- 
Yau space exploring the Higgs transitions at the conifold singularities can produce extremal 
transitions between different Calabi-Yau vacua|42|, ^3], J0J. Exploring singularity transitions 
in heterotic string compactified in XT2, can produce dual models, whose Hodge numbers 
match known type II models on Calabi-Yau three folds. This was confirmed with the 



construction of such duals in 66 



In section four, we will calculate the one loop correction to the perturbative prepotential 
of the vector multiplets for the heterotic string compactified on a six dimensional orbifold. 
It comes from the general solution from the one loop Kahler metric |57|, IIJ . The one loop 
correction to the perturbative prepotential has already been calculated before in |j7j from 
string amplitudes. Our procedure is complementary to [^] since we calculate, contrary 
to [57|] where the third derivative of the prepotential with respect to the T moduli was 
calculated, the third derivative of the prepotential with respect to the U moduli. The 
logarithmic singularity, consequence of the gauge symmetry enhancement at a specific 
point in the moduli space do appear in the prepotential and the Kahler metric. 

Furthermore, we establish a general procedure for calculating one loop corrections to 

the one loop prepotential, not only for iV = 1 six dimensional heterotic strings toroidally 

compactified on four dimensions, which has important implications for any compactification 

6 Application of the mirror symmetry on the type IIB interchanges three-cycles with two cycles and 
three-branes with two branes. 
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of the heterotic string having(or not) a type II dual. This procedure is an alternative way to 
the calculation of the prepotential which was performed indirectly in via the effective 
gauge couplings. 



In this work we will continue the work of|T0|, [56], p7[ . We will calculate directly the 
integral representation of A^ = 2 vector multiplet prepotential of toroidal compactifications 
of the heterotic stringf]. The one loop Kahler metric in the moduli space of vector multiplets 
of toroidal compactifications of N — 1 six dimensional orbifold ||114|| compactifications [|6^ , 



SOf of the heterotic string follows directly from this result. 

In section two we will describe general properties of N = 2 heterotic strings. In addition, 
we describe properties of the moduli space of compactification of the heterotic string on 
a K 3 x T 2 manifold. In addition, we describe elements of the special Kahler geometry 
describing N = 2 locally sypersymmetric theory of the heterotic string with emphasis on 
the couplings of vector multiplets. 

In section three we will describe our results for the case of toroidal compactifications of 
iV=l six dimensional orbifold compactification of the heterotic string, where the underlying 
torus lattice does not "decompose" as T 2 © T 4 , the T 4 could be an orbifold limit of K 3 . 
The moduli of the unrotated complex plane, e.g T 2 with a shift, has a modular symmetry 
group that is a subgroup of SL(2, Z). In particular, we consider this modular symmetry, 
e.g r (3), to be one of those appearing in iV = 2 sectors non-decomposable N = 1 orbifold 
compactifications [P^, |T2j |. 

In section four we describe our results for the one loop prepotential of toroidal com- 
pactification of the N — 1 six dimensional heterotic string to four dimensions. In the 
description of calculating the prepotential of vector multiplets from string amplitudes we 
will follow the work of []57], [10| . We use string amplitudes to calculate directly the one loop 
prepotential via its relation to the one loop Kahler metric. The calculation comes from the 



use of string amplitudes of flO| , pTjj . Automatically this calculates one-loop corrections to 

the Kahler metric for the moduli of the usual vector multiplet T, U moduli fields of the T 2 

torus appearing in A^ = 2 (4, 4) compactifications of the heterotic string. The calculation 

7 Howcver, due to factorization properties of the T 2 subspace of the heterotic Narain lattice and instanton 
embedding independence into the gauge bundle over K3, the same result can be applied to any heterotic 
string compactification on K3 x T 2 for any rank four models. 
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on the quantum moduli space takes into consideration points of enhanced gauge symmetry. 

In section five we describe our results for the N = 2 prepotential of any rank three 
compactifications of the heterotic string. A general result [[Hj concerning the geometry, 
local issues, behind the existence of heterotic duals, is that the Calabi-Yau manifold in the 
II A side can be written as a fibre bundle with baseQP 1 and generic fiber the K 3 surface [69], 
while the dual heterotic, on K 3 x T 2 , could be written instead as a bundle with base P 1 
and generic fibre T 4 . Existence of the IIA dual in the Calabi-Yau threefold phase, as a 
global issue, with the dual heterotic string admitting a weekly coupled phase while the 
dual type IIA realization is in the strongly coupled phase, can happen only when[]74| the 
generic fibre is the K 3 surface and the base is P 1 . In section five we apply the general 
procedure for calculating the one loop heterotic prepotential in particular dual type II 



models compactified on Calabi-Yau, equivalent to rank three heterotic models |20| at a 



specific limit. The Calabi-Yau models incorporate the K% fiber structure of the type 
II dual realization. 



2. Properties of N = 2 heterotic vacua 

Generalities 

In the next section we will calculate the perturbative prepotential using its modular 
properties for a class of models, possible orbifold limits of K 3 , whose modular group is 
similar to those appearing N = 2 sectors of N — 1 (2, 2) symmetric non-decomposable 
orbifolds. The list of (2,2) vacua includes the Calabi-Yau compactifications [pSfl , orbifolds 
|T7| , I8|, tensor products of minimal models M or generalizations For abelian (2,2) 



orbifolds constructed by twisting a six dimensional torus, the point group rotation is ac- 
companied by a similar rotation in the gauge degrees of freedom. The four dimensional 
gauge group in this case is enlarged beyond G = E 6 ® E 8 by a factor that can be a 
U(l) 2 , SU(2) x 17(1), if P = Z A or Z 6 , or SU(3) if P = Z 3 . If we symbolize by the 
number[] of (1, 1) moduli in the untwisted sector then we have respectively ftA 1 ' 1 ) = 3, 5 and 
8 P 1 is the complex projective space with homogeneous coordinates [a; ,xi]. 

9 For compactifications on Calabi-Yau manifolds, ft/ 1 ' 1 ) and ft/ 2 ' 1 ) represent the Hodge numbers of the 
manifold. 
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9. Twisted moduli are not neutral with respect to G and are not moduli of the orbifold. 
On the other hand N = 1 orbifold compactifications of the ten dimensional heterotic string 
have, in four dimensions, N — 1 and N = 2 sectors twisted sectors. The geometry of those 
N = 2 sectors is described from special geometry, which will be desribed in the following. 
Abelian (2, 2) orbifolds can flow to a Calabi-Yau vacuum, by blowing up the twisted mod- 
uli fields, giving them vacuum expectation values||. The N = 2 sectors exhibit modular 
groups which are similar to those appearing to N = 2 supersymmetric Yang-Mills with 



number of hypermultiplets zero or two[81, 82 



Of particular interest in this work is the N = 2 toroidal compactifications of the six 
dimensional heterotic vacua. The moduli of the two torus is parametrized from the relations 
T = 2(7? + z-s/G) and U = 1/G U (G 12 + VG), where is the lattice metric of the T 2 , V~G 
is determinant and B the constant antisymmetric tensor background field. The moduli T, 
U represent the scalar components of two N = 2 vector multiplet fields in four dimensions. 



At the classical level, moduli are described by a flat potential |3], ^8], £7] to all orders 
of perturbation theory. Compactifications of the heterotic string in four dimensions with 
N = 2 supersymmetry involve a U(l) x U(l) gauge group from the untwisted T 2 subspace. 
The T, U moduli subspace, exhibits an SL(2,Z)t x SL(2,Z)u x Z^ 11 classical duality 
group, and corresponds to the coset space S o{2)xso{2) \ T < U - ^ ne same type of moduli appears 
when we further compactify|^2, 34 1, the N = 1 six dimensional heterotic string compactified 
on the manifold K 3 , on a two torus. The gauge group associated with the two torus can 
be futher enhanced at special points in the moduli space, namely the T = U line the gauge 
group becomes enhanced to SU(2) x U(l). It can become enhanced to SO (4) or SU(3) 
along the T = U = i oi T = U = e 27U//3 lines respectively. In general the classical moduli 
space, of r vector multiplets in the T 2 subspace, is the group fTTT| 



SU(1,1) 



dilaton C(2)xO(r)/ 



17(1) 

where the first factor corresponds to the complex dilaton D 

S. For our case, the classical duality group comes with r = 2. Here, 0(2, 2; Z) is 
the target space duality group. The theory enjoy the non-trivial global invariance i.e 
identifications under target space duality symmetries [ |101| , 0] the PSL(2, Z)t x PSL(2, Z)u 
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dualities acting as 

_^ aT -ib _^ a'U - ib' 

icT + d' ic'U + d r 1 ' ] 

The same vector multiplet, as eqn. fl2.lp appears for generic (4,4) compactifications of 
the heterotic string on the K 3 x T 2 . For compactifications on K3 manifolds, the moduli 
space of metrics with £77(2) holonomy associated to complex and Kahler deformations 
is M. = so(i9)xso(3)xso(i9 3-z) x "^ + ' wnere * s associated |48| with the volume of K 3 . 
Adding the moduli coming from deformations of the antisymmetric tensor we get the moduli 
space of hypermultiplets[|TU5|] of K 3 som JSS°2o-z)y-SO{iy 

Lets us now describe some properties^ of the low energy effective actions of N = 2 effec- 
tive string theories. In A^ = 2 supersymmetric Yang-Mills theory the action for the vector 
multiplets is described by a holomorphic prepotential F(X), where X A (A = 1, ... ,71) are 
the complex scalar components of the corresponding vector superfields. The couplings of 
the classical vector multiplets with supergravity are determined by another holomorphic 
function F(X), the prepotential function which is a holomorphic function of n + 1 complex 
variables X 1 (7 = 0,1, ... ,n) and it is a homogeneous function of degree two| 107|| in the 
fields X 1 . However, in A^ = 2 supergravity theories, supersymmetry demands an addi- 
tional vector superfield X° which account for the accommodation of the graviphoton. It 
stands for the 7 = component of the vector multiplets and it belongs to a compensating 
multiplet. The graviphoton is the vector component of the compensating multiplet and is 
the spin one gauge boson of the N = 2 supergravity multiplet. The coordinate space of 
physical scalar fields belonging to vector multiplets of an A" = 2 sup er gravity 1 11 7| , |109|| is 
described from special Kahler geometry with the Kahler metric qab = dAdzK(z,z) 

resulting from a Kahler potential of the form 

K{z,z) = -log(iX I (z)F I (X(z)-iX I (z)F I (X(z)), Fj = — F T = — . (2.3) 

The spectrum of A^ = 2 heterotic strings in four dimensions contains, among other fields, 

the dilaton D and the antisymmetric tensoiQ and the graviton. The axion is subject to 

the discrete Peccei-Quinn symmetry to all orders of perturbation theory. Since the axion is 

connected through a duality transformation to the antisymmetric tensor field, whose vertex 

10 For a review of N = 2 heterotic strings see f56f . 
1:L connected to the axion via a duality transformation 
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operator decouples at zero momentum, this means that every physical amplitude involving 
at zero momentum is zero. As a result the effective theory of the heterotic superstring 
is independent of the field at zero momentum and the coupling of field appear only 
through its derivative. The dilaton and the axion belong to a vector multiplet. Since the 
axion couples to the dilaton D via the complex scalar S, which we will refer next as the 
dilaton, we conclude that any dependence of holomorphic quantities, e.g the Wilsonian 
gauge couplings, will be through the combination S + S. However, these arguments are not 
valid non-perturbatively. As a result the non-perturbative corrections to the prepotential 
of N = 2 compactifications of the heterotic string depend on S. However, they will be of no 
particular interest to us, since we will discuss the one loop correction to the prepotential 
at the semiclassical limt S —>■ oo. 



The prepotential for the classical moduli space of vector multiplets reads 



F(X) = -^[X 2 X 3 -J2(X 

^ 1=4 



I\2 



(2.4) 



while the values of the moduli are identified as 



s = - l x~° 



x 2 



—i- 



x i+3 

~X®~ 



P) 



(2.5) 



with the remaining X 1 , C a = — iX a+p+3 /X°, a = p+4, . . . , n correspond |56], |1 1 If to matter 
scalars. Matter scalars are members of the hypermultiplets while the scalars in the Cartran 
subalgebra of the non-abelian gauge group of the heterotic vacuum can be used to break 
the gauge group. 

From the values of the moduli previously given, it follows that the the Kahler potential 

is 



K = - log l(S + S)[(T + T)(U + U)- + 4 ) 2 - J2(° a + C 



a\2 



(2.6) 



3. One loop prepotential - perturbative aspects 



Since we have finish our discussion of the general properties of the N = 2 heterotic 
strings, we will now discuss the calculation of perturbative corrections to the one loop pre- 
potential. We are interested on those heterotic strings which exhibit modular groups simi- 
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lar to those appearing in the calculation of thresholds corrections in non-decomposable 
N = 1 symmetric orbifolds |1 2] . 



Let us expand at the moment the expression of eqn.(|2.4|) around small values of the 



non moduli scalars C a as in ( [2.6|) 



F = - S (TU - £ <p¥) + KT, U, ft), (3.r 



or 



j j • • • j 



F = -d sij TT j S + h{T, U, ft), d sij = diag{+, 

T 1 = T, T 2 = U, T = ft, 1, 2. (3.2) 

The function h, the one loop correction to the perturbative prepotential, enjoy a non- 
renormalization theorem, namely it receives perturbative corrections only up to one loop 
order. Its higher loop corrections, in terms of the 1/(S + S), vanish due to the surviving 
of the discrete Peccei-Quinn symmetry to all orders of perturbation theory as a quantum 
symmetry. 

In that case, under target space duality 

r 5I ffl aT ~ lb , u SL{ h z)T u, (3.3) 

icT + d 

we get 

mu) s^ KT,U)+E(T,U) p4) 

and a similar set of transformations under PSL(2, Z)u. The net result is that d^h^'(T, U) 
is a singled valued function of weight —2 under U-duality and 4 under T-duality. The 
prepotential h modifies the Kahler potential, in the lowest order of expansion in the matter 
fields, as 

K = - \og[(S + S) + V GS ] - log(T + f f - \og{U + U) 2 , (3.5) 

where 

2(h + h)-(T + f)(d T h + dfh) -(U + U)(d v h + dfjh) 
VgS ~ (T + f)(U + U) (3 - 6) 



is the Green-Schwarz term[ p!08[1 which contains^ the mixing of the dilaton with the moduli 



12 In the next section, we will see practically the direct calculation of the Vqs vi a the calculation of h. 
However, our notation will be different following the spirit of p7| and h will be denoted by f. 
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at one loop order. Rememebr, that for the conventions used at this section the dilaton is 
defined as < S >= An/g 2 - i9/2n. 



The prepotential for N = 2 orbifold compactifications of the heterotic string |p2|, |97| , |13 
was calculated, from the use of its modular properties and singularity structure in [|56|]. 
Here, we adopt a similar approach to calculate the prepotential of vector multiplets. We 
discuss the calculation of the prepotential for the case where the moduli subspace of the 



Narain lattice associated with the T, U moduli exhibits a modular symmetry fT2|, |29|, 30 



group r°(3)T x r°(3)t/. The same modular symmetry group appearsJT^] in the N = 2 
sector of the N — 1 (2, 2) symmetric non-decomposable Zq orbifold defined on the lattice 
SU(3) x 5*0(8). In the third complex plane associated with the square of the complex twist 
(2, 1, — 3)/6 the mass operator for the untwisted subspace was given[^]to be 

1 



,2 _ 

mx,m2,ni,ri2 G Z 



'»'= E —--\TU'n 2 + Tn 1 -U'm 1 + 3m 2 \ 2 , U' = U + 2. (3.7) 
2I2U2 



Let us forget the N — 1 orbifold nature of the appearance of this N = 2 sector. Then its low 
energy supergravity theory is described by the underlying special geometry. The question 
now is if calculating the prepotential using its modular properties and the singularity struc- 
ture, as this was calculated for decomposable^ orbifold compactifications of the heterotic 
string[Q, has any type II dual realization. We believe that it is the case. In the analysis 
of the map between type II and heterotic dual supersymmetric string theories |]96|, |69| it 
was shown that subgroups of the modular group do appear. In particular some type II 



compactified on the Calabi-Yau three folds[|3g], were shown |69|| to correspond in one mod- 
ulus deformations of K 3 fibrations. The modular symmetry groups appearing f96[ are all 
connected to the T (N) + , the subgroup of the PSL(2, Z), the T Q (N) group together with 
the Atkin-lehner involutions T We expect that the same prepotential, beyond de- 

scribing the geometry of the N = 2 sector of Z 6 in exact analogy to the decomposable case, 
may come form a compactification of the heterotic string on the K% x T 2 . An argument 
that seems to give some support to our conjecture was given in ||73|| . It was noted by Vafa 
and Witten that if we compactify a ten dimensional string theory on T 2 x X, where X any 
13 We changed notation. All moduli are rescaled by i. 

14 We use this term in connection with the same type of modular symmetries appearing in N = 1 
decomposable orbifold compactifications of the heterotic string |p7|. 
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four manifold, acting with a Z2 shift on the Narain lattice we get the modular symmetry 
group T (2)t x T (2)u- In this respect it is obvious that our calculation of the prepotential 
may come from a shift in a certain Narain lattice of T 2 . We suspect that this is a Z% shift. 
Furthermore, if we adopt N=2 conventions [|31"|1 in the study of dyon spectrum of N = 2 su- 
persymmetric Yang-Mills, the quantum symmetry groups r o (2), r°(2) appear in Nf = 0, 2 
respectively with corresponding monodromy groups r°(4), r o (4). 

From the mass operator ( |3.7|) we deduce that at the point T — U in the moduli space 
of the T 2 torus of the untwisted plane, with n\ = mi = ±1 and n2 = m<i = 0, its 
U(l) x U(l) symmetry becomes enhanced to ST/ (2) x U(l). Moreover, the third derivative 
of the prepotential has to transform, in analogy to the SL(2, Z) case, with modular weights 
-2 under T°(3) u and 4 under T°(3)t dualities. Using the theory of modular forms requires, 
for the calculation of the vector multiplet prepotential of the effective N=2 low energy 
theory of heterotic strings, the analog of SL(2,Z) j-invariant, for r°(3), the hauptmodul 
function. This quantity is given by to(T), where uj(T) is given explicitly by 

" (T) = ( W )12 (3 ' 8) 
and represents the hauptmodul for r°(3), the analogue of j invariant for SL(2, Z). It is 
obviously automorphic under r°(3) and possess^ a double pole at infinity and a double 
zero at zero. It is holomorphic [|1 15| in the upper complex plane and at the points zero and 
infinity has the expansions 

at 00 and respectively with t = e~ 2nT . 



In full generality, the hauptmodul functions for the T°{p) are the functions [24, 26 



*M= (§>)'■ (3 - 10) 

Here, p = 2, 3, 5, 7 or 13 and r = 24/ (p — 1). For these values of p the function in eqn.( |3.10| ) 
remains modular invariant, i.e it is a modular function. The hauptmodul functions for the 
group Tq(p) are represented by 



15 



We would lile to thank D. Zagier for pointing this to us. 
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The function uj°(3) has a single zero at zero and a single pole at infinity. In addition, 
its first derivative has a first order zero at zero, a pole at infinity and a first order zero 
at iy/3. The modular form F of weight k of a given subgroup of the modular group 
PSL(2, Z) = SL(2, Z)jZi is calculated from the formula 

X! v p + (width) x (order of the point) = -—■ (3-12) 

P7^0,oo p=0,oo 

Here, v v the order of the function F, the lowest power in the Laurent expansion of F at p. 



The index \x for r°(3) is calculated from the expression ||1 15 



[T:T (N)} = NU p/N (l+p- 1 ) (3.13) 

equal to four. The width at infinity is defined as the smallest integer such as the trans- 
formation z — > (z + a) is in the group, where a G Z. The width at zero is coming by 
properly transforming the width at infinity at zero. For r°(3) the width at infinity is 3 
and the width at zero is 1. The holomorphic prepotential can be calculated easily if we 
examine its seventh derivative. The seventh derivative has modular weight 12 in T and 4 
in U. In addition, it has a sixth order pole at the T = U point whose coefficient A has to 
be fixed in order to produce the logarithmic singularity of the one loop prepotential. As 
it was shown |j7|, [56| the one loop prepotential as T approaches U g = ^jq^, where g is an 
SL(2,Z) elementQ 

/ oc --{(cU + d)T - {aU + b)} 2 ln(T - U g ). (3.14) 

7T 

The seventh derivative of the prepotential is calculated to be 

f TTTTTTT = Aj-^jj - ^^a^^ _ ^( r ))6 X(T) ' (3 ' 15) 

where X(T) a meromorphic modular form with modular weight 12 in T. The complete 
form of the prepotential is 

f = A ( HU) 3 MU) 5 (^(U)) 3 ) ( «>m \ 

JTTTTTTT ^ _ ^y^^ _ u{T)f] J ^2 (T){(w(T) _ ^ (v ^))4 } ) 



16 The same argument works for the subgroups of the modular group, but now there are additional 
restrictions on the parameters of the modular transformations. 
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The two groups r°(3) and r o (3) are conjugate to each other. If S is the generator 

S=\ \, we have TVS) = S _1 r„(3)S. (3.17) 

[l j 

So any statement about modular functions on one group is a statement about the other. 
We have just to replace everywhere w(z) by u(3z) to go from a modular function from the 
r°(3) to the r o (3). In other words, the results for the heterotic prepotential with modular 
symmetry group r°(3) may well be describe the prepotential to the conjugate modular 
theory. 

We have calculated the prepotential of a heterotic string with a T°(3)t x T°(3)t x 
classical duality group. The same dependence on the T, U moduli and its modular 
symmetry group appears in the G 2 , iV = 2, sector of the Z§ orbifold defined by the action 
of the complex twist = exp[^ L (2, 3, —1)] on the six dimensional lattice 577(3) x £0(8), 
namely the Zq-IVd. 

If our weakly coupled heterotic model has a non-perturbatively equivalent Calabi-Yau 
dual type IIA model then it has to come from generic fibers of a K 3 fibration. The generic 
fibers can be seen from the non-zero entries of the intersection numbers [_] 

(D sij ) = diag(+, 0, 0). (3.18) 

The zero entries correspond to singular fibers, fibers which degenerate at points in the 
moduli space, to non K% surfaces like a smooth manifold, and correspond to the heterotic 
side to strong coupling singularities p4|, [25(1 seen non-perturbatively|67|| . Because of the 



maximum number of K% moduli 20, the number of generic fibers is constrained to be less 
than 20. We believe that the nature of the lattice twist of non-decomposable orbifolds is 
such that its form when acting on the N = 2 planes may correspond to orbifold limits^ of 
K$. In this phase, the K% surface can be written as an orbifold of T 4 . The fixed points of 
T 4 under the orbifold action are the singular limits of K 3 because the metric on the fixed 
point develops singularities. The singularities of K 3 follow an ADE classification pattern. 
In fact, because at the adiabatic limit [73], we can do even the reverse, we can map the type 



17 See for example ( |5.4| ) and for more details section five. 

18 C. Kounnas has suggested to me that some of them might correspond to freely acting orbifolds. 
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II phase to the heterotic one. In the limit where the base of the fibration has a large area, 
but the volume of the K3 fiber is of order one, we can replace the K3 fibers in the heterotic 
side with T 4 fibers over a P 1 base. In this form, the heterotic string description is replaced 
by T 4 fibers, namely the Narain lattice T 20 ' 4 . 



4. One loop correction to the prepotential from string ampli- 
tudes 

In the section (4.1) we review general properties involved in the calculation of the one 
loop Kahler metric and the one loop prepotential f. Then we discuss properties of the 
equation for fuuu and finally we introduce the equation for the rank four N = 2 heterotic 
string compactifications. 



4.1 One loop contribution to the Prepotential/ Kahler metric 

Preliminaries - Rank four models 

The one-loop Kahler metric for orbifold compactifications of the heterotic string, where 
the internal six torus decomposes into T 2 © T 4 , was calculated in |l(J. In this section, we 



will use the general form of the solution for the one loop Kahler metric appearing in ]l(], |57| 
to calculate the one loop correction to the prepotential of N=2 orbifold compactifications 
of the heterotic string. While the one loop prepotential has been calculated with the 



use of string amplitudes in [57]) via its third derivative with respect to the T moduli, 



here we will provide an alternative way of calculating the one-loop correction |56|, |57| to 
the prepotential of the vector multiplets of the N=2 orbifold compactifications of the 
heterotic string. For the calculation of the one-loop contribution to the Kahler metric we 



use the linear multiplet f or mulat ion [|1 2\ , pTOfl and not the chiral formulation. Note that both 
formulations are equivalent, since the linear multiplet can always be transformed in to a 
chiral multiplet by a supersymmetric duality transformation. 

In the superconformal formalism| |l(J3| |, the action for the linear multiplet is given up to 
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one loop order by 



C = -(S S f 2 ^)-h-^ + + {£%w) Ft (4.1) 



where now the gauge kinetic function is given by G^(z, z) + lG^(z, z). The vev of I is the 
four dimensional gauge coupling constant g 2 . Here, L is the real linear multiplet satisfying 
V 2 L = 0. 

Eqn. ( fOD does not have the the gravitational kinetic energy oc R term to its canonical 
form. Instead, the chiral compensator field is used to properly normalising its coefficient, 
procedure which fixes the value of the compensator field. The advantage of using the linear 



multiplet instead of the chiral multiplet is that it provides an easy way of calculating] ID | 
one loop corrections to the Kahler metric. An easy way to see this comes from the following 
equation^, which includes the bosonic kinetic energy terms, 

Uosomc = ~^d,ld»l + ^h, - G l3 d,z l d^ - l -{G l3 dz> - G fj d^ - G i3 d^)h". (4.2) 

The last term in eqn.( [4.2|) reveals that the one loop correction to the Kahler metric G z ^ 
will come by calculating the CP-odd part of the amplitude between the complex scalars 
and the antisymmetric tensor b^ v 

< z{ Pl )z(p 2 )b^(p 3 ) > odd = i^ Xp p lx p 2p G^. (4.3) 

Here, G is the Kahler metric and = |e MI/Ap <9j,&Ap is the dual field strength of the anti- 
symmetric tensor field b\ p . 

The amplitude receives contributions only from N=2 sectors. We are not considering 
contributions to the Kahler metric which arise from N = 1 sectors, since these contributions 
arise only in A/ = l orbifold compactifications of the heterotic string. Here, we are only 
interested in the geometry underlying the N = 2 sectors. Remember, than in general 
string amplitudes involve not only diagrams that can be characterized 1PI diagrams in 
comparison with the corresponding effective field theory diagrams. Rather, they include 
one-particle reducible ones. Integrating out heavy fields in effective field theories leaves 
terms associated with non-renormalizable interactions. In string theory, integration of 



in 



Coming by expanding eqn. (4.1) 
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massive states produces holomorphic quantities in the effective string action. The presence 
of additional massive fields becoming massless in a region of moduli space, produces non- 



holomorphic quantities, e.g a logarithmic singularity at weak Wilsonian gauge coupling [19]. 

Lets us suppose that the internal six dimensional lattice decomposes into T 2 ©T 4 . The 
T 4 part of the lattice, may represent an orbifold limit [97, Q of K 3 while the T 2 part, 
which contains the usual T, U moduli may contairf ! a lattice shift, necessary for modular 
invariance. In this subspace of the Narain moduli space, we want to calculate the moduli 
dependence of the one loop correction to the prepotential. Denote the untwisted moduli 
from a N = 2 sector by P, where P can be the T or U moduli parametrizing [0 the two 
dimensional unrotated plane. Then the one loop contribution flO| to the Kahler metric is 
given by 

G% = - JF ^pf, I = J^d f (r 2 Z)F(f). (4.4) 



Here, the integral is over the fundamental domain, and the factor — ^ P ^ P y is the tree level 

(0) 

p p- 



moduli metric Gp p. Z is the partition function of the fixed torus 



Z= q Pl/2 f R '\ q = e 27TT r = n + r 2> (4.5) 

and Pi-, Pr are the left and right moving momenta associated with this plane. F(t) is a 
moduli independent meromorphic formf^Jof weight —2 with a single pole at infinity due to 
the tachyon at the bosonic sector. The function F was fixed in |)7| to be 



F { r) = -(!/,) MV<?)-M\ (4.6) 
j T [T) dr 

where j the modular function for the group SL(2,Z). The function F(t) is actually the 
index in the Ramond sector in the in the remaining superconformal blocks. With the use 
of the relations between E±, Eq, A and j, appearing in the Appendix, we can easily see 
that F becomes 
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As it happens in TV = 2 (4, 0) models|7], || 
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def 



A function f is meromorphic at a point A if the function h, h(z) — (z — A)f{z) is holomorphic 



(differentiable) at the point A. In general, this means that the function h is allowed to have poles. 



-18- 



Prepotential of vector multiplets/ Kahler metric 

The convention for the complex dilaton is < S >= ^ + where g s is the four 
dimensional string coupling and the 9 angle. For the calculation of the prepotential of the 



vector multiplets we will will follow the approach of |57| • Recalling the general form of the 
Kahler potential 

K — — ln(zy), Y = 2(F — F) — (T — f)((F T + F T ) - (S - S)(F S + F s ), (4.8) 

F = STU + f(T, U) + f non ~P ert . (4.9) 

In the following we will neglect the non-perturbative contributions f NP to f. The lagrangian 
( |4.1| ) may be related to the chiral multiplet one , by a duality transformation. We introduce 
the dilaton S as a Lagrange multiplier into ( |4.1| ), e.g {C—Li{S—S)/^)d- Using the equation 
of motion for S we get 

(£ - LdC) D = ^-S S e-f . (4.10) 
In this form the Kahler potential has an expansion as 

K = -ln{i(5 - S) - 2iG {l) } + G {o) (4.11) 

The quantity G^ l > is identified with the Green-Schwarz term at the semiclassical weak 
coupling limit S — > oo. Expanding ( |4.11| ) 



Using the equations for the momenta 

1 ____ 1 

PL = -j=====(m 1 +m2U+n 1 T+n 2 UT), p R = -j=====( y m 1 +m 2 U+n 1 T+n 2 TU), 

(4-13) 

we can prove that I satisfies[10] the following differential equation 



{Ordf + }1 = -j^Af^ [ <?rF{f)dM + -dr){T2 £ (4-14) 

K 1 - 1 ) K 1 - 1 ) J T 2 p l , Pr 



The integral representation of eqn.( [4.14]) is a total derivative with respect to r and thus 



zero. However, the integral can give non- vanishing contributions at the enhanced symmetry 
points T=U. 
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The general solution of (|4.14 ) away of the enhanced symmetry points is|57j 

2 



X = -(d T - —^)(du 
2i K T — T 



:)f(T,U) + CC 



(4.15) 



U-U' 

Note that f represents the one-loop correction to the prepotential of the vector multiplets 
T, U and determines via eqn.( [4.12j ) the one loop correction to the Kahler metric for the T, 
U moduli. While Jttt was calculated for N = 2 compactifications of the heterotic string 
in D = 4 through its modular properties f|56[| and from string amplitudes||57|, f could only 
be calculated indirectlypll. Up to now the only way of calculating f for heterotic string 



compactifications was indirectly |34|1 , through the one loop corrections to the Wilsonian 
gauge couplings [^T], ^2], [□]] in the form 



d u d A = bK i jl + 47r 2 Kl D . 



r 2 zrW 



(4.16) 



Here, A is given by|HT|, 



A 



IE 

1 r d 2 r 1 



-Tr R F(-) F (T 2 



(4.17) 



where the trace is over the R-R sector, T a is the gauge group generator of the gauge group 
factor G a , F is the worldsheet fermion number. In addition, K^jj is the tree level Kahler 



metric0, -1/(17 - U) 2 and is the one loop Kahler metric given by 



K 



(i) 
uu 



1 



d 2 T 



7T' JT T 2 



dudu 



E 



E 



«, (4.18) 



<BPS hypermultiplets BPS vector multiplets i 

where M^, Mr are the masses for the left and right movers and A is defined in terms of 
gauge couplings as 



AlT 2 71 



ImS + A. 



g 2 2 

In ]57] it was shown function f(T, U) of (|4.15 ) satisfies the differential equation 



- i(u - u)D T d T d v x = 4f, 



(4.19) 



(4.20) 



where D T = 8t + (jCy) is the covariant derivative. Expansion of the l.h.s and integration 
by parts results in 



Ittt = ^t^tw / d2 ^ f ) E p L Ph Pl/2 f« /2 



(T — T) 



(4.21) 



Pl,Pr 
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Examination of the behaviour of the r.h.s of eqn.( |4.2i|) under separately modular trans- 
formations SL(2,Z)t , SL(2, Z)u, together with examination of its singularity structure 
at the enhanced symmetry point T—U, uniquely determines the well known solution of 
the third derivative of the vector multiplet prepotential. Remember that we examine the 
behaviour of the prepotential including the region of the moduli space where we have gauge 
symmetry enhancement to U(l) x SU(2). 

For N=2 heterotic strings compactified on decomposable orbifolds /ttt was found to 



be 57 



1tti= ji mt) (m\{m.\fm-j(i)) (4 22) 

*m-j(U)\j(T)l\j B {U)l\j(T)-Ml [ 1 

In |56|, 57|| /ttt was determined by the property of behaving as a meromorphic modular 
form of weight 4 under T-duality. In addition, /ttt had to vanish at the order 2 fixed 
point U—i and the order 3 fixed point U—p of the modular group SL(2, Z). Moreover, it 
had to transform with modular weight —2 under SL(2, Z)u transformations and exhibit a 
singularity at the T—U line. 

Here, we will complete this picture by giving more details of the calculation. Lets us 
denote the function with modular weight 4 under T-duality (T) and the function with 
modular weight -2 under U-duality and the singularity at T—U by F(~ 2 '(U). Then we must 
have 

F^(T) = -^— and F^\U) = ^ { ^~^ y ^ 

As we can regognize F^ 4 '(T) is the E&(T) function which is part of the basis of the modular 
forms for the group SL(2, Z). Moreover, F^~ 2 \U) can be rewritten in turn as 

F (-2) = 1 r JWI ] MP. ( & W 

- m - m x j(u)u(u) - j{i)y m\m -j(i)yj 4 u(u) - ^or ■ 

(4.24) 

The terms appearing in eqn. fl4.24|) represent 

F^(U) = const. { — — L— - } E A {U) E 6 (U)rj- u (U), (4.25) 
where the standard theorems of modular forms predict 

Ea(U) oc ~ T f U) r , v E 6 (U) . 2(m f^ ] . ( , v v 24 cx (4.26) 



-21- 



The function E± has a zero at T=p, and E$ has a zero at T—l. In addition, i](T) is the 
well known cusp form the Dedekind function. It has a zero at T=oo. Examination of 
the integral representation of behaviour of J'ttt near the point T—U, shows that it has 
a single pole with residue — . This therefore fixes the numerical coefficient in front of 
F(- 2) (T) x F^(U). Together with F~ 2 (U), F 4 (T), we get the correct result eqn. fl42|). 

The prepotential fuuu 

The prepotential function for the fuuu can De obtained by the replacement T <-> U but 
we prefer to find it from the equation for fuuu- By taking appropriate derivatives on ( 4.1 5| ) 
we find 



dfjf = fuuu = ~i(T - f fd T DuduX, (4.27) 



or equivalently 



dlf = i(T - T) 2 d T Dudul. (4.28) 

Here Du = du + jjzu, the covariant derivative with respect to U variable. It transforms 
with modular weight 2 under SL(2,Z)u modular transformations, namely 

sl{2,z) v aU + b 2 
U , D v -> (cT + d) D v . (4.29) 

cu + a 

We should notice here, that because of the symmetry exchange T —>■ U, the result for 
fuuu m ay come directly from fl4.22| ), by the replacement T — > C7 '. However, this can be 
confirmed by the solution of ( |4.27| ). By using the explicit form of the expression ( |4.4| ) and 
the values of the lattice momenta ( [4.13|) , we evaluate the right hand side of ( (4.27] ) as 



fuuu = ^^-^J^F{f)dArld T {r 2 £ P L P R P R P R e^ p ^ e^^) ) . (4.30) 
[u - u) j r 2 y Pl Pr j 

Further integration by parts, with the boundary term vanishing away from the enhanced 
symmetry points, gives 

fuuu = ^ llZm j ^ F ( f ) E PLP R P R P R e^ 2 e-^ 2 . (4.31) 



' 2 



Using now, the modular transformations of the momenta 

(W^(f^)W«), ( ft ,ft)"^(^±-)*( ft ,ft), ,, 32) 
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we can see that fuuu transforms correctly, as it should, that is modular weight 4 under 
SL(2,Z)u and —2 under SL(2, Z)t- In addition, we can observe, in analogy with Jttt, 
that ( }4.31| ) possesses a simple pole at T — U. The fuuu function has similar modular 
properties, equivalent under the exchange monodromy transformation symmetry of f, and 
singularity structure as /ttt- 

As a result, fuuu takes the form 

_ (j(T) -j{i))j(T) 

JUUU - . JT^T, . (rr x 77777 *{ u )i [4.66 

jt(T)(j(T) - j(U)) 

with ^(U) a meromorphic modular form of weight 4 in U. The T dependent part of fuuu 
is a meromorphic modular form of weight —2 and has a singularity at the point T = U. 

From the integral representation of fuuu, eqn. (|4.30|) we can see that at the limit 
T — > oo, fuuu ~^ 0, which means that *&(U) is holomorphic anywhere. Finally, we get 

2. (j(T)-mj(T) j*(U) 1 
JUUU - 7rj T (T)(j(T)-j(U))j(U)-j(i)j(Uy { - 1 

Lets us check the behaviour of Q4.34Q away and at the fixed points. Away form the fixed 

aT- 
cT-i 



points, e.g when U — > f = ^t^s, fuuu exhibits a singularity 



G W _> ln\U-f\ 2 G^ v . (4.36) 



fuuu - ---^(cT + d)\ (4.35) 

such that the one loop Kahler metric Gy V behaves exactly as expectedQ, namely 

1 

7T 

Exactly, when T is one of the fixed points of the modular group SL(2, Z), fuuu vanishes. 
The presence of the logarithmic singulariry in the one loop corrections to f gives rise to 
the generation of the discrete shifts in the theta angles due to monodromies around semi- 
classical singularities in the quantum moduli space where previously massive states become 
masslessjl], |105| . 

The one loop prepotential f 

The one-loop contribution to the Kahler metric can be calculated through an equation 
different than eqn. ([4.20|) . Expanding ( |4.15| ) appropriately, we get 

2zJ = d T duf(T, U) - ^^/(T, U) - U) + {T -f)(U-U) f ^ U) - (4 - 37) 



22 



From the symmetry enhancement point of view for the SL(2, Z) modular group of the two torus. 
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Acting with the appropriate derivatives on the left hand of (|4.37|) the following identity 
holds: 

2f = i{T -ff{U -Ufdjjdfl, (4.38) 

or in the symmetric form 

2f = i(T - ff{U - Ufdfdtjl. (4.39) 

Explicitly, 

2f = i(T - f)\U - Ufdtjdf [ fld f (T 2 Z)F(T). (4.40) 

Eqn. ( |4.38| ) is the master equation for the prepotential. It calculates the one loop prepo- 
tential of any, rank four, four dimensional N = 2 heterotic string compactifications. As 
we can observe, the one loop correction to the holomorphic prepotential comes by taking 
derivatives of I with respect to the conjugate moduli variables from which the holomorphic 
prepotential does not have any dependence. In this way, we always produce the differential 
equation for the f function from the string amplitude. In addition, the solution of this 
equation calculates the one loop correction to the Kahler metric. 

The integral representation of (|4.38|) , after using the explicit form of momenta ( 4.13|) , 

is 

T 2 Pl,Pr 

where we have used the identity 



72 

/ = _ 47r(T _ f){U - U) j -LF{f)d f [r 2 2 d f {r 2 £ P L P L e^\ p ^ e'^\ p ^)\ (4.41) 

J To n n 



and the relations 



djPl = |^ = d f Pl (4.43) 



We can easily see that the one loop prepotential has the correct modular properties, 
it transforms with modular weight 4 in T and —2 in U. Eqn. ([4.38|) is the differential 
equation that the one loop prepotential satisfies. The solution of this equation determines 
the one loop correction to the Kahler metric and the Kahler potential for N = 2 orbifold 
compactifications of the heterotic string. 
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Compactifications of the heterotic string on K3 x T 2 , appears to have the same moduli 
dependence on T and U moduli, for particular classes of models ]57|, I3R pDI, pBJ. Formally, 



the same routine procedure, namely taking the derivatives with respect to the conjugate T 
and U moduli on X, can be applied to any heterotic string amplitude between two moduli 
scalars and antisymmetric tensor, in order to isolate from the general solution ( |4.38|) the 
term f(T, U). The solution for Jttt m eqn.( |4.22} ) was derived for N = 2 compactification of 



the heterotic strings in [57] via the modular properties of the one loop prepotential coming 
from the study of its integral representation ( }4.21|) . Specific application for the model based 
on the orbifold limit of K 3 , namely T 4 /Z 2 , equivalent to the SU(2) instanton embedding 
(24, 0), was given in fl34 |. At the orbifold limit of K3 compactification of the heterotic string 
the Narain lattice was decomposed into the form r 22,6 = T 2,2 © T 4 ' 4 © T 16,0 . It was modded 
by a Z 2 twist on the T 4 part together with a Z 2 shift 5 on the I^ 2 ' 2 ) lattice. For reasons 
of level matching 5 2 was chosen to be 1/2. The unbroken gauge group for this model is 
E 8 x E 7 x U{1) 2 x U{1) 2 . By an explicit string loop calculation via the one loop gauge 
couplings in []33J , from where the one loop prepotential was extracted with an ansatz, they 
were able to calculate the third derivative of the prepotential. The latter result was found 
to agree with the corresponding calculation in |56], 0, which was calculated for the S-T-U 
subspace of the vector multiplets of the orbifold compactification of the heterotic string. 
Here, we will check part of this result. In particular, we will confirm the moduli dependence 
coming from the trilogarithm, for the case of 577(2) instanton embeddings |75|, |1~5|| (12, 12), 
(10, 14), (11, 13) and (24, 0) for which the index in the Ramond sector takes the same value. 

_ it, c L C 

In reality, F(f) is the trace of F'(—1) F q °~ 24g °~ 2i/rj(f) 2 over the Ramond sector 
boundary conditions of the remaining superconformal blocks. For the S-T-U model with 
instanton embedding (di,d 2 ) = (0,24) their supersymmetric index was calculated^ in [33| 
in the form 

Index = \Tr R F'(-lfq L °-%q L °-% = -2z^3, = £ Cl (n)q n . (4.44) 

where F' is the right moving fermion number. This is exactly, the value of our index 

in eqn. ([4.7|) except for our normalization factor of l/(27r) 2 which accounts for the linear 

23 Especially, for the S-T-U models the contribution to the index from the different instanton embeddings 
di,G?2 in the two E$ factors is independent pq] from the specific instanton embeddings. 
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representation for the dilaton. 
Expanding X we get that 

J=H7r)/^(p|-^-)F(f). (4.45) 

We remind here, a general remark, that the index F was determined using, the theory of 
modular forms, its modular properties and singularity structure alone. 



Specific tests of dual pairs were performed, in the spirit of f34|, in |86], |90], [91], |9^, 
The low energy N = 1 supergravity of type I and heterotic string theories is subject to 
anomalies coming from hexagon diagrams which prevent it from describing an anomaly free 



string theory. In this case anomalies are cancelled |79], [78|, [36[ by the addition of appropriate 
counterterms which modify the supersymmetry structure. Similarly, in six dimensions the 
total anomaly is associated to the eight form 

Is = htrR 4 + 6 2 (trR 2 ) + 6 3 trR 2 trF 2 + 6 A (trF 2 )\ (4.46) 



where 9i, #3, #4 are numbers depending on the spectrum [77, 50] of the theory. Cancella- 
tion of the anomaly requires Q\ = nn — ny + 29T — 273 = 0, where ny, %, nr are the num- 
bers of vector multiplets, hypermultiplets and antiselfdual tensor multiplets respectively. 



Because in six dimensions we have one tensor multiplet [p8[, pO] , [59], plfl , which incorporates 
the dilaton, a Weyl spinor and an antiself-dual antisymmetric tensor, the last constraint 
becomes n# — ny = 244. Now Green Schwarz mechanism factorization of anomalies is at 
work with I 8 oc -QQ, Q = trR 2 - E a M trF2 ) andQ Q = tr(R A R) - E a v a tr(F A F) a . 
Cancellation of anomalies requires modification of the antisymmetric field stregth H as 

H = dB + u L -J2 v a ^ M , oj l = tr{ojR - \u*), u YM = tr{AF - (4.47) 

a 3 3 

Here, ujl , oj ym are the Yang-Mills and Lorentz Chern-Simons three forms, A the gauge 
field, R the Riemann tensor and to the spin connection. However, because H is globally 
defined on K 3 , J Ka dH = 0. As a result, we get that the following constraint has to be 
satisfied, 

Vn a = 24, n a = f trF 2 , f trR 2 = 24. (4.48) 
a j k 3 Jk 3 



24 Hcre, R, F are the gravitational and gauge field strengths. The coefficients v a , v a depend on the 
particle content and the sum is over the gauge group G factors G a . 
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Here, the instanton number n a becomes equal to the Euler number of K 3 . Intially, in 
ten dimensions the unbroken group is Eg x Eg x U(l) 4 , where the U(l)'s are associated 
with the T 2 and the graviton and the graviphoton. The spectrum of the theory after 
compactification on K 3 x T 2 can be calculated J77) using index theory fl62|, |38|1 . The gauge 
group G can be broken to a subgroup H, by vacuum expectation values of K 3 gauge fields 
in Q, where H x Q c G. The gauge group G breaks into the subroup H, which is the 
maximal subgroup commuting with the Q subroup, the commutant of Q . We perform the 
decomposition adjG = ^j(i2j,Mj), where Ri, Mi representations of the gauge groups H 
and Q respectively. Then the number of left-handed spinor multiplets transforming in the 
Ri representation of H is given by 

r 1 1 lr 

N R< = / -^Ri F2 + -r^dim M irR 2 = dim Mi - - / c 2 (V)index(M l ), (4.49) 

JK 3 2 4o 2 J K-i 

where V is the Q bundle parametrizing the expectation values(vev's) of the vacuum gauge 
fields on K 3 . By C2<V) we denote the second Chern class of the gauge bundle V and dirrii 
the dimension of the representation i. In addition, the dimension of the moduli space of 
gauge bundles is Ah a — dim(Q a ), where h a is the Coxeter number of Q a and dim its rank. In 
a general situation we allow for the gauge group G to break to the commutant of ®Q, by 
embedding the gauge connections of a number of a product of gauge bundles V a with gauge 
group Q a into G, resulting in the breaking of G into the commutant of ® a Qa- In this way, 
we identify, for manifolds of SU(2) holonomy, the spin connection of K 3 with the gauge 
group ® a Gai breaking the G symmetry into H. This is the analog of breaking the gauge 
group Eg, in manifolds of SU(3) holonomy, by the standard embedding^] of the SU(3) 
gauge connection into the spin connection, to the phenomenologically interesting E$ gauge 
group. 

Comments on the modular integral calculation 

Let us apply eqn.( [4.40| ) for the calculation of prepotential in the S-T-U model. Remem- 
ber that the prepotential for this model was calculated from an ansatz solution. The index 
for this model is independent [|56]| of the z particular instanton embedding (711,712) in the 
two Eg factors and is equal to ( |4.44|) . We set 

^(f ) = £ c{n)q n = c(-l)q- 1 + c(0) + . . . (4.50) 

n> — 1 
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The X integral in eqn. (|4.38|) has been discussed before in []15 |. Using the values of the 
momenta ( |4.13| ) in ( |4 . 3 8| ) and using Poisson resummation we get 

d 2 T 



X = (t7T)T 2 2 



^2 ni,n2,h,h 



-2-rriTdetA 



e t 2 u 2 



\niT+ri2UT-Uh+l2\' 



F(f) 



(4.51) 



where 
Qr- 



1 



-.^Ur + mr -Uh + l 2 ), Q 



The integral ( |4.51| ) can be calculated using the method of decomposition into modular 
orbits |33| of PSL(2, Z). There are three contributions to the modular integral. The 
zero orbit A = 0, the degenerate orbit and the non-degenerate orbit. The zero orbit A = 
gives no contribution to the X integral. The next orbit that we will examine is the non- 
degenerate orbit for which the matrix representative is 

< j < k, p ^ 



-.{^Ur + mr-Uh + h). (4.52) 



A = ± 




(4.53) 



This integral has been calculated in \TE\ and it is given^ by 



X 



I k 
+ 



1 



(2tt) ^ S 5n,H( P + nT 2 p* 1 nU 2 p 2 ' 2n*T 2 U 2 p 3 
k > 

/ G Z 



)x p + /i.c, 



(4.54) 



where x = e 2m(kT+iu) anc j x JL e 2m(kT+iu)^ Substituting eqn.( [4.54 ) in the master equati 



non 



for the prepotential ( |4.38| ) we get that the contribution of the orbit T\ in f is 



./I 



non-degenerate 



(2i) 



^ Z7r J (fc,0>o 



(4.55) 



This is exactly the moduli dependence on the trilogarithm found indirectly in |j34| . The 
dependence of the solution in i, out of the parenthesis in ( 4.55| ) is neccessary since it is 
used to cancel the overall dependence on i in the one loop Kahler metric ( [4.12| ). Note that 
in the previous equation we have not considered the complex conjugate solutions which 
arise by taking the partial derivatives with respect to the T and U variables in the complex 



2o 



After proper incorporation of the normalization factors of our Ramongd index. 
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conjugate part of the solution of eqn. (|4.54j ). There are two ways to see this. One is the 
mathematical point of view while the other clearly come from physical requirements. The 
physical point is that the prepotential has to be a holomorphic function of the vector moduli 
variables. On the other hand, the integral X, which comes as a solution of the one loop 
Kahler metric in eqn. (|4.12|) , includes the complex conjugate part of the action of the two 
covariant derivatives on the prepotential f. However, the solution for the prepotential as 
was defined here in eqn. (|4.38 ) comes from the general solution of the Kahler metric which 
does not include the conjugate part of its solution. Results of the integration coming from 
the degenerate orbit and related matters will appeal elsewhere [ |49|1 . 



5. Application to rank three N = 2 heterotic string compactifi- 
cations 

We have said that one important aspect of the expected duality is that the vector 
moduli space of the heterotic string must coincide at the non-perturbative level with the 
tree level exact vector moduli space of the type IIA theory. For the type IIA superstring 
compactified on a Calabi-Yau space X the internal (2, 2) moduli space has N = 2 world- 
sheet supersymmetry for the left and the right movers and is described, at the large complex 
structure limit of X, by the KahlerQ moduli, namely B + iJ e H 2 (X, C), where B + iJ = 
Yh=\ {B + iJ) a e a with B a , J a real numbers and t a = (B + iJ) a representing the special 
coordinates and e a a basis of H 2 (X, C). 

In this section we will derive the general form of the equation determining the prepoten- 
tial form the rank three N = 2 heterotic compactifications. In particular we will examine 
a type II model admitting a heterotic perturbative dual realization. The heterotic model 
contains three moduli the dilaton S, the graviphoton, and one moduli the T moduli. It 
coincides with the corresponding Calabi-Yau dual model at its weak coupling limit. 

In order for the heterotic prepotential to match its Calabi-Yau dual at its weak coupling 
26 Let us consider the target space of a complex manifold M. with dimension n. Choose coordinates on 
A4, 4> m and <j> m . Then M. admits a a Kahler structure if we can define a (1,1) form J with the property 
J = iGifndipm A d<pi where for a Kahler manifold the metric is Gim — d^md^K, and the Kahler potential 
is K. 



-29- 



limit a number of conditions are necessary, which we will briefly review them here. The 
existence of a type II dual to the weak coupling phase of the heterotic string is exactly the 



existence of the conditions ||74]| 



D sss = 0, D ssi = for every i, , (5.1) 



where D the Calabi-Yau divisors appearing in ( |5.4j) . An additional condition originates 
from the higher derivative gravitational couplings of the heterotic vector multiplets and 
the Weyl multiplet of conformal N = 2 supergravity [fffi l . The relevant couplings originate 
from terms in the form g~ 2 R 2 G 2n ~ 2 , where R is the Riemann tensor, G the field strength of 
the graviphoton. The g n couplings obey g~ 2 = ReF n (S, M % ) + . . .. The same of couplings 



appear in type II superstring |84|| . In the heterotic side they take the form 

F n = F (0 \S, Mi) + F 1 (M i ) + F NP (e- 8n2s , M l ), F 1 = 24S, F°> x = const, (5.2) 

where S is the heterotic dilaton and M % the rest of the vector multiplets moduli. Such 
terms appear as well in the effective action of type II vacua and they have to match with 
heterotic one's due to duality. In the large radius limit the higher derivative couplings 
satisfy(the lowest order coupling) F\ — > — ^jJ2a(D a ■ C2)t a , where C2 is the second Chern 
class of the three fold X. Because at the tree level, gf = ReFi we can infer the result that 

D a ■ c 2 (X) = 24. (5.3) 



The last condition represents |74| the mathematical fact that the Calabi-Yau threefold X 
admits a fibration $ such as there is a map X — ► W, with the base being P l and generic 
fiber the K% surface. Furthermore, the area of the base of the fibration gives the heterotic 
four dimensional dilaton. 

In the content of the moduli of the Calabi-Yau space of X, the holomorphic prepotential 
at the large radius limit takes the form 

F = - Z -J2(D a .D a . Djtatfc - £ na^ChiU^ ), (5.4) 

^ > (*)i=l,...,n 



where the trilogarithmic function is Ci^ix) = 12j>i js- The first term in eqn.( |5.4j ) is 



a product of the the Calabi-Yau divisors D, associated to the basis e a , and the second 
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term|| represents world-sheet instanton contributions. The n^,...,^ are the world sheet 
instanton numbers, the numbers of genus zero rational curves, and di the degrees of the 
curves. Performing duality tests, at the weak coupling heterotic limit, between a heterotic 
model and its possible type IIA dual is then equivalent to comparing the weak coupling 
limit of the prepotential |38|] of the vector multiplets for the heterotic string with the large 
radius limit of (|5.4j ). After identifying the heterotic dilaton with one of the vector moduli 
of the type IIA model in the form t s = (B + i J) s = AniS, the type IIA prepotential takes 
the general form|43| 



^ = -\ C ^ct A t B f-^ £ n*,...,^^^], (5.5) 



d\...,dn 

def 



where we are working inside the Kahler cone = {E p t p J P \t p > 0}, where J p 

generate the cohomology group H 2 (X, R) of the Calabi-Yau three fold X. 



In |]69| it was noticed that the nature of type II-heterotic sting duality test has to come 



from the K 3 fiber structure over P 1 of the type IIA side. The form of the K 3 fibration 

can be found [|69j |66|] by taking for example the CY in P (1, 1,2^2,2^3,2/^4) and then set 

1/2 

x a = Xx\. After rescaling x\ — > x{ we arrive at the equation for the hypersurface 

F(X)Z^ + Z^ /k2 + --- = 0. (5.6) 

The degree d = 1 + ^2 + ^3 + ^4. For generic values of A eq.( |5.6| ) is a K% surface in 
weighted P 3 . So P 4 (l, 1, 2k 2 , 2k 3 , 2A; 4 ) is a K 3 fibration fibered over the P 1 base which is 
parametrized by A. At the large radius limit of X the heterotic dilaton S is identified as 
one of the vector multiplet variables as t s = 4niS. Confirmation of duality between dual 



pairs is then equivalent to the identification p7| 



TlIA = FlIA(t S , f) + TUA^) = FUS, 7 ) + 4el(0 7 )- (5-7) 

Here, we have expand the prepotential of the type IIA in its large radius limit, namely 
large t s . In the heterotic side, we have the tree level classical contribution as a function of 
the dilaton S and the vector multiplet moduli in addition to the one loop correction as 
a function of only the $ 7 . 

Dual pairs for which the prepotential in the type IIA theory is known can be mapped 
to the type IIB using mirror symmetry |[76||. Let us review some aspects of the low energy 
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theory of the type IIB superstrings. In Calabi-Yau manifolds, special geometry is associated 
with the description of their moduli spaces. In type IIB, the H 2,1 cohomology describes the 
deformation of the complex structure of the Calabi-Yau space M.. Now the Kahler metric 
for the (2, 1) moduli is definedp 7 ] from the Weyl Peterson metric^, |44], |64| a^, namely 



Gij = / OAfi)), (5.8) 

J M 

where 

ipi = (l/2)(p ikX pdx k dx k dx x dx p , = J Vi^Wd ( 5 - 9 ) 

and ip ik xp = (dg p ^/dt l )Vtl\. Here, U = 1, . . . , 6 2 ,i and Gy = -didj(i J M Q A 0). The three 
form tensor Q is given in terms of the homology basis a, f3 as Q = X I cti + iFi/3 1 . The 
complex structure is described by the periods of the holomorphic three form Q over the 
canonical homology basis. Here, the periods are given by X 1 = J AI Q, iFi = j B i Q the 
integral of the holomorphic three form over the homology basis. The Kahler potential 
comes from the moduli metric 

Gij = -ididjii J fi A 0}, K = - log(X 7 F 7 + X 7 F 7 ). (5.10) 

Now the Riemmann tensor is defined as 

Rijki = GijGki + G { iG k j — Cik n Cji n G nn e 2K , (5.1 1) 

where the expression of the Yukawa couplings in a general coordinate system are given by 
C = j Q A didjdkQ, di = d/dz l . The holomorphic function F does not receive quantum 
corrections from world-sheet instantons and as a consequence neither the the Kahler po- 
tential derived from it. Calabi-Yau threefolds can be constructed [|1 1 8|] among other ways 
as a hypersurface or as a complete intersection of hypersurfaces in a weighted projective 
space P N (w). Remember, that the complex projective space CP N is the space defined 
by the homogeneous complex coordinates Zi,...,Z N+1 which obey (Z 1 , . . . , Z N+ {) = 
(X Wl Zi, . . . , \ Wn+1 Zn + \) for complex A. The threefold is obtained from the CP 4 , while 
the K 3 can be obtained from the YJ fci o>k 1 k 2 k 3 k 4t Xk 1 Xk2 x k 3 %k i = 0, in projective P 3 and P 2 
respectively(rp). They describe complex manifolds parametrized by 135 and 35 complex 
coefficients rp, which after removing an overall redundancy they give 101, 19 elements of 
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In the rest of the section the notation for the special coordinates is as follows, Z % = —iX i /X°. 
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jjO-' 1 ) rp. The weighted projective space P N (w) is defined by the conditions on the homo- 
geneous coordinates {Z u . . . , Z N+1 ) A =° (A dl , . . . , \ dN + 1 ) and P N (X il Z 1 , . . . , \ dN +^Z N+1 ) = f 
{C N+1 /(Z 1 = 0,... , Ztv+i = 0)}. The last condition, excludes the origin of the complex 
space. The di are the weights and the sum of the weights is the degree of the variety. 

Let us consider the Calabi-Yau three fold defined as the zero locus of the hypersurface 
P 1 4 1 2 2 2 °f degree eight. This model appears in the list of |53[] as the A model and it 
is defined as X 8 (l, 1, 2, 2, 2)2 86 , where the subscripts and superscripts denote the Betti 
numbers fc^i = 2 and b\ y 2 = 86. This model gives rise to 2 vector multiplets and 86 + 
1 hypermultiplets including the dilaton and its moduli space can be studied using mirror 
symmetry [fT6j |72| . 

The mirror manifold Xg for this model is defined by the Calabi-Yau three fold in the 
form {V = 0}/Zf, where the zero locus is 

V = z f + z \ + z\ + 4 + 4 ~ 8ipziz 2 z 3 z 4 z 5 - 2<pz}4- ( 5 - 12 ) 

It depends on the deformation parameters and ip. The Z\ symmetry acts on the coordi- 
nates as (z2,Z2+m) ~^ (~ i> z 2,iz2+m) f° r m = 1>2,3, respectively. A good description of the 
moduli space is obtained by enlarging the group {P = 0}/Zf to the group G acting as 

(z 1 ,z 2 ,z 3 ,z 4 ,z 5 ;^,(l)) -> (u J ^z 1 ,u^z 2 ,u 2d:i z 3 ,u 2 ^z 4 ,u 2 ^z 5 ;u-^,u- 4 y), (5.13) 

where a = e 2nt ^ 8 , di are integers such as a = 5i + a 2 + 2a 3 + a 4 + a 5 . Modding the weighted 
projective spaces by the group G requires modding out by the action (<f>,ij)) — > (—<fi,aip). 
The prepotential of the type IIB model defined on the mirror manifold X£ was calculated 
in [|98] form the study of the Yukawa couplings in || [70], 



as 



T n = -2t% - it* + . . • + f NP . (5.14) 

From the form of the prepotential we can infer that the type II model has a heterotic dual 
which corresponds to the particular identification of t 2 with the heterotic dilaton and t\ 
with the heterotic T moduli. As a result 

jheterotic 2,ST 2 -\- f(T) -\- j non ~P er ^ ur 15) 

where f(T) the one loop correction and j non -P eTtur the non-perturbative contributions. The 
heterotic model is an S-T model, a two moduli example or rank three model, if someone 
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takes into account the graviphoton. The exact correspondence of Pi 4 i22 2 with the three 
rank heterotic model is their connection via their classical T-duality group. The two models 
at the weak coupling limit of the t 2 moduli have the same classical duality group, r o (2) + . 
Study of the discriminant of -Pf j 2 2 ,2 gi yes that the conifold singularity should correspond 
to the perturbative SU(2) enhanced symmetry point. This fixes the momenta for the I^ 2 ' 1 ) 
compactification lattice of the heterotic model as 



PL 



rii + n 2 T + 2mT 



PR 



{n 1 +n 2 TT + m(T + T)). (5.16) 



r~j~\ rj~i \ J Ir J-*' r~j~\ rj~i 

with the enhanced symetry point at level 2. Let me discuss first the master equation for 
the general rank three model, as well the dual heterotic of Pi 4 i 2 2 2- The solution for the 



one loop correction to the Kahler metric reads |98 



2i 



# + ...}. 



S-S 

Using now the general form of solution for the Kahler metric 

2 \ / 4 



(5.17) 



1 = - \d' 



'T 



&r — 



f(T) + h.c, 



(5.18) 



T -TJ V T -T, 

we can infer the master equation for the perturbative one loop correction to the prepotential 



as 



2if(T) = (T — TfdfX. 



(5.19) 



Here K^X, is the tree level metric — 2/(T — T) 2 and Ci(t) is the index of the Ramond sector 



in the remaining superconformal blocks. Note that eqn. (|5.19| ) was derived from the general 
solution for the one loop Kahler metric without any reference to values of momenta for the 
;p(2,i)_ This means that this equation determines the prepotential for any rank three N = 2 
compactification of the heterotic string. For example ( |5.19|) determines the heterotic duals 
of the models B, C in H69~| , with associated modular groups r o (3) + , r o (4) + and enhanced 
symmetry points at, the fixed points of their associated modular groups, Kac- Moody levels 
3 and 4 respectively ||1 20 . 



The one loop Kahler metric [|1Q, |98|| for the heterotic model dual to the type -Pi 1222 
model reads 



i=i 



d 2 T 

3/2 



Ci{f)d f {^ 



1/2 



(5.20) 
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Direct substitution of the values of the I^ 2,1 ) compactification lattice momenta in ( 5.20Q 
may give us the prepotential f in its integral representation. Here the sum is over [OH] the 
different lattice sectors Ti, 

r 2>e e = 1, 2 

Tie ni G Z + ~ n 2 odd 

21 (5.21) 

^2,e ni £ Z n 2 even 

r 3 , e menf n 2 e z, 

where m G Z + e, that are needed due to world-sheet modular invariance. 



6. Conclusions 

We have calculated the general equation which calculates directly the one loop per- 
turbative prepotential of N = 2 heterotic string compactifications for any rank three or 
rank four parameter models. These heterotic string compactifications may or may not have 
a type II dual compactified on a Calabi-Yau. In general, heterotic vacua with instanton 
embeddings numbers (12 — n, 12 + n) on the E 8 x E 8 gauge bundle are associated [[41], [75 



to the elliptic fibrations over the Hirzebrush surfaces F n . Especially, for the families of 
Calabi-Yau threefolds with Hodge numbers (3,243), associated with K% fibrations and el- 
liptic fibrations, when n is even the rank three Calabi-Yau is an elliptic fibration over the 
Hirzebrush surface F 2 or F , while for n odd the rank three models are given in terms of the 
Hirzebrush surface F\. At the heterotic perturbative level all the models, which are coming 
from complete Higgising of the charged hypermultiplets, with the same Hodge numbers, 
come from the instanton embeddings (12, 12), (11, 13), (10, 14). However, at the heterotic 
perturbative level all the models are the same as we have already said. This is clearly 
seen from the nature of the Ramond index ( (4.7| ) which is independent from the particular 
instanton embedding. In particular, we tested the moduli dependence of the prepotential, 
coming from the non-degenerate orbit, for the previous SU(2) instanton embeddings, and 
the (24, 0) one, against the moduli dependence of the prepotential extracted from the one 
loop corrections to the gauge couplings in ||34j| . In addition, we calculated the differential 
equation of the third derivative of the prepotential for the rank four S-T-U model with 
respect of the complex structure U variable. 
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The master equation's (|4.38|) , ( |5.19|) open the way for direct testing of the web of du- 
alities, e.g the duality between type I and K% x T 2 at their weakly coupled region which 
was tested via the third derivatives of the one loop prepotential in ||121]| . However, there are 
other dualities which can be tested at the quantum level. For example, if we continue ||, 
further compactification on S 1 of F-theory defined on the elliptic Calabi-Yau, we get dual- 
ity between M-theory on the associated Calabi-Yau three fold and heterotic strings on S 1 . 
Further compactification, we get duality between type IIA on Calabi-Yau three folds and 
heterotic on K 3 x T 2 . Furthermore, the direct way of calculating the holomorphic prepo- 
tential in ( 4.38Q , ( |5.19 ) can calculate the N = 2 central charge and N = 2 BPS spectrum 
as well the black hole entropy] 122 , 123 ]. 

Acknowledgments 

We are grateful to I. Antoniadis, C. Kounnas, K. S. Narain, S. Stieberger, D. Zagier 
and R. Lewes for useful conversations and D. Bailin for reading the manuscript. 

Appendix A 

Al Useful relations with modular forms 

The functions E±, Eg form the basis of modular forms for the group SL(2, Z) and are 
defined in term of Eisenstein series of weight four and six. Namely, 

E 2k (T)= Y, (iniT + n 2 )- 2k , k e Z. (A.l) 

Here the prime means that n\ ^ if n 2 = 0. Let us provide some useful relations between 
the basis for modular forms for PSL(2, Z) and A and the j invariant. With the use of 
these relations various results appeared in the literature, like those in [jjB], [571] can be 
easily translated to each other. It can be proved that the following relations hold 

/ -A2 oo 

MT) = — A 2 .f. } ■ / -n\ = 1 + 240 ]T a 3 (n)e^ T , (A.2) 
E e (T) = ( 2 j/) , 3 = 1 - 504a 5 (n)g™, (A.3) 

Am = 1728 ^') 6 = = 1 (A A) 
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where rj(T) is the Dekekind function and the value of a represents the sum over divisors 

<T h -i(n)= , Y,d h ~ 1 - (A.5) 

d/n 

We have used the notation 

f(T)=j T (T). (A.6) 

Note that in general E 4 , E 6 and A are defined in terms of the Klein's absolute invariant J 

as 

j(T) = f 1728J(T) (A.7) 

Jm = T§£k = 1 + T§Kirr TeH (A ' 8) 

and 

j(T) = e~ 2niT + 744 + 196884e 2 ™ T + . . . (A.9) 
Remember that the following relations are valid 

m = (a.io) 

and 

j(T) = ^21. (A.11) 

J\ ) A(T) V ; 

Here, j is the modular invariant function for the inhomogeneous modular group PSL(2, Z). 
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